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Tangent vectors, Metric, p-forms

Exercise 1.1: Play with commutators
Consider two smooth vector fields v, w defined on a manifold Mn. In coordinate basis
they read:

v =

n∑
α=1

vα
∂

∂xα
, w =

n∑
β=1

wβ
∂

∂xβ
. (1)

(a) Show that the composition v ◦ w ≡ v(w) is not a vector field. (Hint: apply it to
smooth ”test” function f, g and show that this combination does not fulfil the
definition of a tangent vector).

(b) Using the previous result, show that the commutator [v, w] ≡ v(w) − w(v) is a
vector field.

(c) Derive the components of the commutator of the two vector fields in coordinate
basis.

Exercise 1.2: Jacobi identity
Consider three smooth vector fields X, Y, Z defined on a manifold M.

(a) Show that [X + Y,Z] = [X,Z] + [Y, Z].

(b) Show that the Jacobi identity holds, i.e.

[[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = 0. (2)
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Exercise 1.3: Curves in spherical coordinates
Consider R3 as a manifold with a flat Euclidean metric, and coordinates {x, y, z}. In-
troduce spherical polar coordinates {ρ, θ, φ}, related to {x, y, z} as follows:

x = ρ sin θ cosφ

y = ρ sin θ sinφ

z = ρ cos θ.

(a) Show that the metric components gµν in spherical coordinates are given by

ds2 = dρ2 + ρ2dθ2 + ρ2 sin2 θdφ2 (3)

(b) A particle moves along a parametrized curve given by

γi(λ) = (cosλ, sinλ, λ). (4)

Express the path of the curve in the {ρ, θ, φ} system.

(c) Calculate the components of the tangent vectors to the curve in both coordinate
systems. Show for at least one of the components that the vector transformation
law holds.

Exercise 1.4: Forms determinant and coordinate transformation
Consider a n-dimensional manifold M and the space of p-forms ΛpM . Prove the following
statements about p-forms.

(a) The dimension of ΛpM is n!/p!(n− p)!.

(b) Calculate explicitely how the component of a 2-form in a 2-manifold transforms
under coordinate transformation.

(c) Derive a formula for the determinant of a N ×N matrix in terms of the antisym-
metric Levi-Civita εi1....iN .

(d) Calculate how the determinant of the metric change under coordinate transforma-
tion.

BONUS (1)
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Exercise 1.5: Differential of forms
Given a p−form ω and a q−form v, the following relation holds:

d(ω ∧ v) = dω ∧ v + (−1)p ω ∧ dv (5)

Where ∧ is the wedge product between forms defined as

(ω ∧ v)µ1···µpν1···νq ≡
(p+ q)!

p!q!
ω[µ1···µpvν1···νq ] (6)

d is the exterior derivative.

(dω)µ1···µp ≡ (p+ 1)∂[αωµ1···µp] (7)

and p is the rank of ω. Given v = vµ dx
µ

(a) Show that Eq. 5 is satisfied for ω = ων dx
ν .

(b) Show that Eq. 5 is satisfied for ω = ωρσ dx
ρ ∧ dxσ.
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