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Christoffel symbols

Exercise 1.1: Christoffel symbols for weak field metric
Compute the Christoffel symbols for the static, weak-field metric

g = −(1 + 2φ)dt2 + (1− 2φ)
(
dx2 + dy2 + dz2

)
with φ = φ(x, y, z) and φ/c2 � 1 [discard contributions O(φ/c2)2].

Covariant derivative

Exercise 2.1: Covariant derivative
Given the expression for the components of the covariant derivative of a vector

∇µvν = ∂µv
ν + Γνµρv

ρ , (1)

show that if one formally assumes

∇µων = ∂µων + Γ̂ρµνωρ , (2)

then Γ̂ = −Γ.

Exercise 2.2: Christoffel symbols and tensors
Derive how Γρµν transforms under a coordinate transformation. Show that the difference
between two Christoffel symbols Sρµν := Γρµν − Γ̃ρµν transforms as the components of a
(1, 2) tensor. Discuss the above result in terms of the equation Ccabωc := ∇̃aωb −∇aωb
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Riemann tensor

Exercise 3.1: Riemann tensor symmetries
Show that in n dimensions the Riemann tensor has n2(n2 − 1)/12 independent compo-
nents. [There are many ways to solve this problem. One is to consider particular cases,
e.g., n = 2, 3, and generalize from these.]

Exercise 3.2: Riemann tensor in coordinate basis
Show that in a coordinate basis, the components of the Riemann tensor can be written
as

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµαΓανσ − ΓρναΓαµσ .
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