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Collection of general formulas for spherically symmetric spacetime in n = 4 dimensions. These
calculations are preparatory to prove Birkhoff theorem.
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Follow notation of [1].
Assume the metric:

g = −e2α(t,r)dt2 + e2β(t,r)dr2 + r2dΩ2 (1a)

with the 2-sphere metric

dΩ2 = dθ2 + sin2 θdφ2 (1b)

Christoffel symbols (only nonvanishing components):

Γttt = ∂tα Γrtt = e2(α−β)∂rα Γrθθ = −re−2β Γθφφ = − sin θ cos θ (2a)

Γttr = ∂rα Γrtr = ∂tβ Γrφφ = −re−2β sin2 θ Γφrφ = r−1 (2b)

Γtrr = e2(β−α)∂tβ Γrrr = ∂rβ Γθrθ = r−1 Γφθφ =
cos θ

sin θ
(2c)

Riemann tensor:

Rtrtr = e2(β−α)(∂2t β + (∂tβ)2 − ∂tα∂tβ) + (∂rα∂rβ − ∂2rα− (∂rα)2) (3a)

Rtθtθ = −re−2β∂rα Rtφtφ = −re−2β sin2 θ∂rα Rtθrθ = −re−2α∂tβ (3b)

Rtφrφ = −re−2α sin2 θ∂tβ Rrθrθ = re−2β∂rβ Rrφrφ = re−2β sin2 θ∂rβ (3c)

Rθφθφ = (1 − e−2β) sin2 θ (3d)

Ricci tensor:

Rtt = (∂2t β + (∂tβ)2 − ∂tα∂tβ) + e2(α−β)(∂2rα+ (∂rα)2 − ∂rα∂rβ + 2r−1∂rα) (4a)

Rrr = −(∂2rα+ (∂rα)2 − ∂rα∂rβ − 2r−1∂rβ) + e2(β−α)(∂2t β + (∂tβ)2 − ∂tα∂tβ) (4b)

Rtr = 2r−1∂tβ Rθθ = e−2β(r∂rβ − r∂rα− 1) + 1 Rφφ = Rθθ sin2 θ (4c)
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