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Exercise 2.1: Linearized Einstein equations

Compute the Einstein tensor G, and the Riemann tensor Rf,, in weak field approxi-
mation,
Juv = N + h,uu + O(hQ) . (1)

Exercise 2.2: Effect of GWs

Consider two point-particles test-masses in a locally-flat spacetime (typically labeled as
detector frame). Show explicitly that the effects of GWs can be described in terms of a
Newtonian force at the leading order.

Solution ??
First, let us compute the Christoffel symbols,

1
Fﬁu = §gpa (auguo + &/g#g - 809#,,)

1
= 5 (Upa + hpcr) (8uhua + auh;m' - 80'h'uy) + O(hQ) (2)

- % (818 + Oy hE — 0Phy)) + O(?) .
Then, plugging Eq. and Eq. (2) into the definition of R’ s, we get
R e = 0, — 0oL, + 10 1), — 0, Ty,
_ % [0 (D1t + 0o bl — ) — Dy (D1l + Dt — Dh)] + O(RY) (3
= % (8,0pht + 005 hyp — O Ophye — D,0,hE) + O(R?).
This result leads to

Ry = % (0,0 + 040y — Oy — BuByhE) + O(h2) (4)
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R = 0°0"hag — 0°0ah)) + O(h?) (5)

1
G = 5 00" hysa + 00 e = 0Dy = Db = (0°07has — 0°0ah]) | +O?)
(6)
Note that it is possible to further simplify the forms of R, and G/, imposing a specific
gauge condition.

Solution ?7?

In the proper-detector frame, the metric is locally flat around the detector, so I'f,
vanishes in this point. Furthermore, the detector is largely non-relativistic and dx?/dr
can be neglected with respect to dx’/dr. So, considering two neighboring geodesics
separated by a space-like distance & from the geodesic deviation we get,

d2£z N dIL‘O 2
+ 0T | — ) =0, 7
73 TE0 - (7)
where the terms of this equation are evaluated in the location of the detector, i.e. at
2! = 0. Since the metric depends quadratically on the distance z’ from the detector,
Guv = N + O(x;x5), we have that doI'y; = 0 and a non-vanishing contribution come
only from the term 8JF60> which corresponds with Riojo = (%Féo — 60I‘6j = 83-1“60. From
the previous equation, we get

42 d
df + &R oo ( e ) =0 ®)

Moreover, limiting ourselves in O(h) we can write ¢t ~ 7 and then d2°/dr = ¢, and Eq.
becomes

£ = - Ry, (9)
where the dot denotes the derivative with respect to the coordinate time. Now we have
to compute the Riemann’s tensor due to the GW in the detector-frame. However, in
linearized theory the Riemann’s tensor is invariant (the reader can demonstrate this
computing the gauge transformation of the Riemann’s tensor and proving that it van-
ishes), so we can use the expression for Riojo that we prefer. Clearly, the best choice is
the TT gauge and we easily find

; 1
R'ojo = Rigjo = 52 —hiT (10)

In conclusion we get
& = hTTéj (11)

which can be rewritten considering the effect on a point particle with mass m as a
Newtonian force,

Fy=mé; = hTTﬁj (12)



