Numerical relativity — Exercise sheet # 1

Boris Daszuta
boris.daszuta@Guni-jena.de

12.05.2020

Extrinsic curvature

Exercise 1.1: Extrisinc curvature of R?® embeddings
Consider hypersurfaces embedded in the Euclidean R? manifold. Compute the intrinsic
and extrinsic curvature of (i) a 2D plane embedded (ii) a cylinder.

Exercise 1.2: Extrisinc curvature of Schwarzschild
Consider Schwarzschild in isotropic coordinates
ds® = —a?dt? + ¢*(dr? + r2d0?)

where the conformal factor is ¢ := (1 4+ M/2r) and a = (1 — M/2r)/v Compute the
3-metric, its intrinsic and extrinsic curvature, and the trace of the extrinsic curvature.

Gauss-Codazzi-Ricci equations

Choose one of the following exercises.

Exercise 2.1: Derivation of Gauss equations (Gauss-Codazzi-Ricci equations)
The Gauss-Codazzi-Ricci equations are identities relating the 341 projections of the
4D Riemann and Ricci tensors. The Gauss equation is the spatial projection of the
4D Riemann tensor 4R, that can be expressed in terms of the spatial (3D) Riemann
tensor R,peq and extrisinc curvature K, as

7575727§4qurs = Rabed + KacKod — KadKpe (1)

where v} = g%y = 0 + nny is the 3+1 spatial projection operator and n® the unit
normal vector to hypersurfaces ¥;. Compute the above relation and the contractions

Vi Rpg + Yapndygn* RE . = Ry + K Kgp — KopKY (2)
AR+ 2nn" Ry = R+ K? — K, K . (3)



Exercise 2.2: Derivation of Codazzi equations (Gauss-Codazzi-Ricci equations)
The Gauss-Codazzi-Ricci equations are identities relating the 3+1 projections of the 4D
Riemann and Ricci tensors. The Codazzi equation is the projection of the 4D Riemann

tensor * Ryped

7571?72”84qu7‘8 = DbKac - DaKbc 5 (4)
expressed in terms of the spatial (3D) Riemann tensor Rp.q and extrisinc curvature K.
Above vy = g%vap = 0f +nny is the 3+1 spatial projection operator, n® the unit normal
vector to hypersurfaces ¥, and D, the covariant derivative of (3¢, v.). Compute the
above relation and the contraction

YPn? Ry, = DK — DK . (5)

Exercise 2.3: Derivation of Ricci equations (Gauss-Codazzi-Ricci equations)

The Gauss-Codazzi-Ricci equations are identities relating the 3+1 projections of the
4D Riemann and Ricci tensors. The Ricci equation is the spatial projection of the 4D
Riemann tensor Raped

ngygnrnSAlRprqs =LK + a_lDana + KI?Kad ) (6)

expressed in terms of the spatial (3D) Riemann tensor Rp.q and extrisinc curvature K.
Above v = g% = Of +n®ny is the 3+1 spatial projection operator, n® the unit normal
vector to hypersurfaces ¥;, m® = an® is the normal evolution vector, D, the covariant
derivative of (X¢,vap), and L, is the Lie drivative along n®. Derive this equations.

The term “yynn*R” appears also in the contracted Ricci equation,

YPn?R,, = D, K — DK% . (7)
Combine the two equations to obtain

75754qu = _a_lﬁmKab - a_lDana + Rab + KKab - 2KarKg . (8)



