
Numerical relativity — Exercise sheet # 1

Boris Daszuta
boris.daszuta@uni-jena.de

12.05.2020

Extrinsic curvature

Exercise 1.1: Extrisinc curvature of R3 embeddings
Consider hypersurfaces embedded in the Euclidean R3 manifold. Compute the intrinsic
and extrinsic curvature of (i) a 2D plane embedded (ii) a cylinder.

Exercise 1.2: Extrisinc curvature of Schwarzschild
Consider Schwarzschild in isotropic coordinates

ds2 = −α2dt2 + ψ4(dr2 + r2dΩ2)

where the conformal factor is ψ := (1 + M/2r) and α = (1 −M/2r)/ψ Compute the
3-metric, its intrinsic and extrinsic curvature, and the trace of the extrinsic curvature.

Gauss-Codazzi-Ricci equations

Choose one of the following exercises.

Exercise 2.1: Derivation of Gauss equations (Gauss-Codazzi-Ricci equations)
The Gauss-Codazzi-Ricci equations are identities relating the 3+1 projections of the
4D Riemann and Ricci tensors. The Gauss equation is the spatial projection of the
4D Riemann tensor 4Rabcd that can be expressed in terms of the spatial (3D) Riemann
tensor Rabcd and extrisinc curvature Kab as
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4Rpqrs = Rabcd +KacKbd −KadKbc , (1)

where γab = gacγcb = δab + nanb is the 3+1 spatial projection operator and na the unit
normal vector to hypersurfaces Σt. Compute the above relation and the contractions
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4R+ 2nanb4Rab = R+K2 −KabK
ab . (3)
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Exercise 2.2: Derivation of Codazzi equations (Gauss-Codazzi-Ricci equations)
The Gauss-Codazzi-Ricci equations are identities relating the 3+1 projections of the 4D
Riemann and Ricci tensors. The Codazzi equation is the projection of the 4D Riemann
tensor 4Rabcd
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expressed in terms of the spatial (3D) Riemann tensor Rabcd and extrisinc curvature Kab.
Above γab = gacγcb = δab +nanb is the 3+1 spatial projection operator, na the unit normal
vector to hypersurfaces Σt, and Da the covariant derivative of (Σt, γab). Compute the
above relation and the contraction
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Exercise 2.3: Derivation of Ricci equations (Gauss-Codazzi-Ricci equations)
The Gauss-Codazzi-Ricci equations are identities relating the 3+1 projections of the
4D Riemann and Ricci tensors. The Ricci equation is the spatial projection of the 4D
Riemann tensor 4Rabcd
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expressed in terms of the spatial (3D) Riemann tensor Rabcd and extrisinc curvature Kab.
Above γab = gacγcb = δab +nanb is the 3+1 spatial projection operator, na the unit normal
vector to hypersurfaces Σt, m

a = αna is the normal evolution vector, Da the covariant
derivative of (Σt, γab), and Ln is the Lie drivative along na. Derive this equations.

The term “γγnn4R” appears also in the contracted Ricci equation,
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Combine the two equations to obtain
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